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then: 2P = jquin®d¢ =2qr
0

P=qr
SV o5 3doms 53 S 05l imen a5 50 s woar g L Olg o |y 55 5 A0

sl il Jub a5 S e 5l 5 S gu e LSSl ST sl ety

Lk sl okt Sl g 5 ail> coe Vo Ja g plad Te b dls 53 055 S W

_P_w_pV
A Ag g

33



hant
SIERF Wﬁ&iQw“‘%}ﬁ'udﬁJ-’@ﬁ\%WL&)>MMK—§J.¢}“-**%°KJ"
5 gdn ooy slaoile LISl wdkige 53 5,8 S5 ey p S 3L L aies Oyso 4 Ll e &S
L S5 e s gla i el s S 13 ol b A5 s gleis 56 cos atu g Wl o S
o by (Al o s dal S iy 0 s 68 e L s L gd s
5655 5 Glulsal SHU e Gt n LB s b & 46,5 o ol 3 calises sleis 3L

LS o P o2 S5 S

(Lgis S 5 i) lail gl SHU Sl O3

oy

(L 3 5 i) glalsnl SHU Sl Ol Y K2

P=internal fressure.
R=internal radius
H=thickness

Pr

O c - 0 cicumfere ntial = h
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bes: Y, f =25, +T pr(d@)sing)L =0

p.nr?=c.2nr.h

pr
O'IZE

JL’.'" LG o &l guul u.b'-\; tLa..:: oy

Ao PrgPr_ Prz(l_ﬁ)
Eh 2Eh  Eh 2

bcs:gc—F:a Ee—og. :%—>A g (2mr)= 27TEEr

and - Pr Pr |
=—, S
O-L 2h gL 2Eh = L5°

Pl Sl g S B

. 8P
T

Eh 2Eh Eh 2

. _pr uPr_ Pl’z(l_ﬁj

S35 S e Ol
b S a0l o OIS Jas (So g 5 amdin 53 352 50 058 4 a5 L Blew O ol 5o

3 gsde i 3D 0 K has bro 5 S daler Ol aan s 0 oS8 sy (6,0 &S

3551 ey Ol g 5 O 5ldde & bl dal st 5 g5 aliul; ples
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if :>h=0
O-C.Zﬂfh—sz‘r2=o

()

=)

G35 Sl O3l Y IS

r(zn)(r - %)t = pﬂ(l’ —t)z

36



) Z(r—;jt

Where:
R=outide Radios
Y =thickness

P=inner pressure.

(Kbl g IS5 i 5 ) S| orol Jylows

s bl Jalas SVslne 31 oslinad U 1y LeiaSTy (sla feall oS 015 oS aBle 3
Hyperstatic ) sl a1 Lol bMasl 5 dzas pons U plie! 15 51 Laton 4,500 5,551
b e sl 034 cpame U 0l ime Sl V¥sles 5l adlisl Y ggams sldas V= ol 3 Ay 55
el LBl e sae ¥l sl SOVl sl 5 sde £ Y peme SVsls ALY g s
e B XY a5 IVl e Gilles 5 il e Jsl a5 58 5l el 35 0
Golid 5 oS OV 53 Wl S 5 Lels sy p s Bl 655 opl Jo lp AL s p s (403
ey 303l S 7035) 5 gad enlinal 55 550 55 35z 50 Ll 0 51 el Jals SWslee 1o sdle
l_gj_ngL@chﬁijjo)'LwJ@ﬁ@j\wW\l{ﬁjL;ﬁ:@ﬁ:&xjﬁoaﬁwusq-):@
e S 5y Smeslie bl spdoe = b B 1 S0 B, G L ages o L o3l
Ol nd 03531 Sl Gl o 5 35 o3l LT o O35 sl U ome U 6,0

.l..::l.:du w)bdmuj{)ﬁds.ljj;&#)bgyp b L;'L@J}J;Lho)tw

37



P
R, \ Ry ( | \ Ry
—f— — | p— ~
T AT w
Rz Rq R'_! Rl
ol -
sl el Jils TS
sl s B, sy sleton Jsb i 5 LSty YE S s Jb
N v
-~
Y P Z Zpd B s
[~
§ -
N L, 444— L, —D/

vE S
J":Zh:Rl_p_'_Rz:O

deformation %@ —>R,= L R,= PL.
AE  AE R I L.+ L.

R.L._ PLL.

elongation : Ae =
AE L+ L JAE

Contraction:: A=~ F\kELl =_ (|_P+L£ |—); =

—Ae=Ac

S PSS s S5 Ole ool o shlane ol o il Yo IS lasiia b lesle t Jls

38
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D.. =75mm ¢ sl
D..=90mm |zl

P =200kN

O« =7
O. :?

E.=200GNm"

E.=25GNm"
:L};- Pst ~ Oy Ast

P.=0. A
zfu:P_Pst_PaL:O (I)

Pst'L — PaL'L
AstEst AaLEaL

deformation :

39



Pst'L — PaL'L
(=/49090°-75')200%10°*10°) (=/4)75[25*10°*10°)

= Pst = 352 PaL

P,, = 0.22P = 44KN

P, =0.78P =156KN

_ 4440 _joyp
O mﬁ) a
o 156*10°

" (21490275 )

=80.25MPa

JW(SDLSJJLJJ—;MW}AB W&dﬁbj&ﬁﬁsO' le.ﬁ)l.; Jle

(6355 5 s slaals S o as L Conl e Lslie Jlasle YUK Gillae (6358

UL P, P Pyt
AL 18 L ]

SO kN { ;mk\ S0 kN‘ ‘So kN

ARyt
Specification
A.=250mm’ A.=10"mm’
E.=20GNm" E.=120GNm"”
L.=2m L.=2m

&2 f =2p, +P,-100=0,(1)

40



P.L _ Pl
AE. A.E.

P,2000 P, (2000)
20200%10°*10°) 10°020*10*10°)

deformation :

then : |:)St =041 |:)Cu

1 oaaly 55 0K L

= P, =54.5KN
P, =22.75KN
sl ety 1LCD, BE (slagsl o8B 25 YV IS (o3l s - Jbs
E Peu Py » i
(
§A _4-1) B Ay A 1 B i L A. B|_L
Vi—o—Fndomd e e R
B ,‘*——1 mm|yy mm L——lm—-‘-—im H—r
S y 200 kN
YV s
Spicification:
Rod CD:
Cu
L=1m
Ac, =500mm’ As: = 250mm’
E., =120GNm’ Es=200GNm”
-2 F, =0 Ay =0

> M, =1000 P, +2000 p_-200*10 *(1500)=0

> f =A+p,+p,-200%10=0

41



AADD’ ~ AABB'(2il4 52 N <wlds  AB)

Acv _ Ast
2

1 = AST = 2ACU (I)

Deformation:

_PL
AE

A

from: (I)

P,(000) 2P, (000)
250200%10"*10 )  (500(120*10°*10"

P, =1125KNand P_=94KN Jsls Lls; 4 4> 5 L

):> P, =0.833Pcu

.. = [112.5%10°)/(500) = 225MPa
O™ (94"103)/(250) = 225MPa

Syl a3 aoslonc Sl el anily &K o8 AT sae g5 Law 5 &S YA S el 5t s

S s by alis 53 55 Olpene S Jsp 285k° & 300k° 5l Ol

N N
\ \
N N
\ s
N
N \
) \
3= 2 m———
YA S

Spicification:

L=2m

A=1500mm’

42



at 300’ K : SystemisStress _ free

At =15K :(300 — 285)

a=20%0"K"
E=120GNm"”
APl 6o P(2000)
FAT R (15001 20*10°*10 °)
= P =54KN

o= ; 54%*] ()°/1500 = 36MPa

ol 25 L o2 AB s 53 LIES 15 4SS s 65k L YA IS P lde 1

vomm

YA S

Solve;
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_ P-240

P
HE) AT

P(75) +P(50) = +240*50°

P =73.85KN

osliial 5550 sla L ily Conl ol eslanal1ZmMm Jlas 4 olgaen 51101 andad an Lt (6l 0 Jlie
Oy 3 4=SL20Mpa oy a5 55 S S Clam | Loy 3 a5 550

S s e yalsd o ks asbompa il g s Ll

d
J_g

Y4 K
PSS s =g, <5SMPa s 12mmes, s

&= O axial — ?

d,:30mm i,
d,:15mm i,
S sl Flse Aad) ity b

solve (.l
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P

=P= 5%(900—225): 2650N

P — 240
Gb T 2 2 T T 2
Tldi-di)  5Bo°-1s2)
P  2650N
o= 5 = = 23.43MPa

~(12y

N

P = A'O-axial = 20

P

2650N
Oy

*(d:-15)

= 5MPa

p— *%(12)2 — 2262N

=, = answer

A3L1250MM D szs kis Sl STV IS 6L = (gl il

LSS 55s100mpa 5l ol (g3 4ee 25 SIDE s Colaws o S S(o

100 kN A
|
24m
100kN |5 c
24m
100 kN D .
24m
{ : .
45 M ———
YUK

z M . =100%3*2.4+100*2*2.4 = 4.5RG

= R, =320KN

45

(<



> F,2.F,=0—>R, =-300KN,R _=-320KN

F ., = 320KN
_)
F .. = 300KN

45
L00KN ~340* "7+ |F o =0 [F o = 200KN

F ., — 320KN +340*% =0 [, =320-160 =160KN

o = Feo _160*10N _ a0,
Ao 1250

- Fee_ 200808 _5000mm’
O e

Aoe

C,,‘,,w_g C,..»\Sompaf\f BD w DL, L)':MS p )L! )\ )‘.L;J 4?: 9\)[4 A\ Jg.-; LSLAOJLA )Jdtﬂ

: Cell800MM? Usles ahais 51,1sBD Jluasl (55 e

450

120 mm

AR

Solve:

) Y M.=0->135P+F  *450=0

240

2 2 :O
J240°+450

135p+ F .-
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135P =~ [, *211

135P , .. . |
F BD _m(“%—uﬂ:’ s )
135P
o Fo _sovpac 211 __135P o oo es0) 135 62.518KN
A 800  800*211
1
“-’)Z M:= P(1.4+1.4sin 30°)= F.* 0.56 14

® 11.92°+0.56°

21P=0302F  +134F  =1736 F , s~

F,, =121P
o=Fo _L2P 5o p_33057N = 33.05KN
A 800

ASL12mm VL) s as, SIS gley 3 YY IS s ST s,
AB JLail 53 65508 i e ,Slas (il

BC Jlail ;5 (3 5a8 i e Sl (o

O g e

BC e 5IC s LalBass 23

BC s2e 5IB ;5 a8 4SS 15 G

LS Ol 1

47



Oy,

E g
EEE
S 2o

vY K

Solve:

12 Fe  Fs

AABC : 0= 0T . 0
sin75 sin45 sin60

F .. =732KN

_Fe_7.32%10 \ _»0as

A

B6.:158.96KN

__ 8.96%103
%c = 3610

48

QTJ{JJ\_}LSLA_}):J_}B alad’
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8960

90U _a374
Ob ™ 5x12*10

Ol Jes gl LA oY sk 13L900KPA o S0l 55 25 ST S e e K0S

Yy JKM
__P | N _ 440N
h THEN90040™ st

B . ) 3 s N — @
P=4*10°N hence :Q00*10 *10 mm’ ~105d y mm’

7 =900KPa —:105*0.9d =4000 — d =42.3mm
Sl Ol (o e Sl Bos s 53 015 0 ST lepls Bl op 855 kb il
S el | 5 S sl lEmMM
o3l 03, o 56l 3V Sl 3 55 5ABKN 03 S 15 gl p3Y (558 pslles
<~155mpa

Solve:
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P =45KN
T= |3i

A =7D*t — {D = Diameter
t = thickness

Solve:

P_s N 4540
A mm2 6*7*D

T =

o _ 45000

= =43.4mm
67 *55

wrla Ve JSCs llae BMM Cabies 4 3,5 51300MM bt b o 65Y 56 (sl s
20 Jslas BB Lt b i bt gasly oS Al e ) B b 4 ol (e el el
3 gien 3505 A P =250KN (g oo (5 0 3L

LS S o eles 5 (60008 Sl 52T 5D pali(l

7=100mpa ;6 =150mpa Jslas s 5 4 iy oles 5 @SB Gleis Slame pslie SH(G

S g 1y o ged sls Al a4 Ol e ST osme S e AL

v S

do =300mm
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t =8mm

0
=20
P = 250KN
P

A

T= isin @cos b

o =--C0S ?
) A= 45(3002—284)2 =7338mm’

p 2 P 2 A A0
=— = 150MPa = —— — P =1246KN
o =-,"C0S a=_225C0s 20

o= isin 0cosf = 100MPa = Lsin 20c0s20 —» P = 2283KN
AO 7338

Al Jade Sl Glgisd 51 Soysn ol 53 O LG 55w 124KN 5 elop e ool sl

Ul e anr v wlin (o3l ST i 5l slaks 3T IS8 L = BE 5AB (sla pze il
AB Oleb! o (Ll

AL plie Olaebl oy shols als 2 2 SIBE 5Y L3 (o

L 3LIBOKN Lgl e osCs il 5l 5 sl 00MM sy Gl sBE ,AB .lasl Si(z
BE 5AB (slake o3V [h8:3.2 Dbl s 5o 5l slizal L (20MM L3 & (gl gl L Sl

sl ey

o1



Solve:

ZMC=O—> R, . =400KN

> F,=0-—400+R.=0-> R, = 400KkN
ZFV=0—>_RyA:lSO+75=225KN

S F,=0-225-F ¢ =0 F , =375KN

1.2

ZFV=0—>—400FAD+375*E=0—> F . =100KN
)
i L
F.g ot _30_,
225l 100
0.9
ZFVZO%_75+FEBE:0_)FEB:125
i L
R e N i —125*3 =375KN
o) s )b
<)
300 375
O'UAB_O_UBE_)E(28)2_7z(d)2_)d =313
4 4
)
*
300 _ 375 . = DNAL 125*32 _ 150 g = e
T > T 202 AB T 2 T 2 BE
4(d AB) 4( ) 4(d BE) 220
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el sl TS s s (18
DE e Jsb Lot (il

AC 5DE :lasl shic slau(e
E=200GNM,200MPa” <, I mllas 225 cusli

240 kN

AP

YF,= 240+§F(AB):OOR F .o =—300KN

>F, =§(—3oo)+ F, =00R[F, =-180KN
> F,=FED-480=0— [, =—300KN

180*10°
200*10"*10

180*10°
200*10°*10

+__la8041076*10)
(2400)200%10"*10°

s =2400mm’

A=

Ax= % 900mm2

=6mm
)

53



YV IS Gollase 108 L 51 B gulas O ois sl o sllan( Al il

T clzw(g»

Spicification:

O = 350MPa

FS=2— FOR TENSILE MEMBERS
F.S=35—> FOR COmpressive MEMBERS
Ao=?  Ac=?

Solve:

va=—250—FBcSin300=0 or F ., =-500KN

> f, =-Fa+Fac0s30'=0 OF [, =433KN

Working stress:

3—20 =175MPa,  (tention)

% =100MPa, (Compression)

_180*10™*10°
175*10°

_500*10°*10’
100*10°

A = 2500mm2

ABC

=5000mm’

54



_ 43341073.465%10)
* (2.5%10°1200%10°*10°)

A - 500*107)6+10)
* [5%10°l200*10°*10°

=3mm

=2.5mm
)

s Jem0 Slasly Ce o LA c}\)&iclmg,}m@j L Jdsb oM e 4 glabee e
- . Y Z. =z AA'

Ohss IX alols s de 55 Jii3(a

Oloss 3 dee Jsb oas(h

YA S

m

F o= " XW

Ll MPW S ok Oles S

m
L= dE e
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m
tdx= erjp-
x= ox ss plad

W= 0lss glasly o

AE  LAE
L
,_mz mz m2X3 1 -
5 = [odx =[N y 2dx = T s 2y MO | 21 == I(AE
J XJ;L.AEX e X T Lae 3 3Ma L /AE)
0

Ao 33 4 shaie Sl ol lgn B Gluly 3 A i S > YA IS gosle 3 e
o3l 4 AB (saboe Lla 8 515 Sl slos 53 als 53 58 S 55 2l 1000MM?

don 55 2 A4S (55 Lle e BL L a3 Olan 13 AC (alee 5 555 o o3ls ol ~30K
LS G2 A S Ol 1y aks 95 s 5 (Galml A Olgeee Wl o (Sl s D5 4

E = 200GNm a=12*10" k™

56



F,

F Y LL2S = F 3 x 10Y WAL cog 30"

el 531 Ol e LSl M\JJQ)rAgL;LA\@.aA ikt s a9 O.i\ASv.:;Sule.éJf\

35l 5ol wAB s ke Jsb

(30)12*10°\3*10°)cos 30" =1.25mm
A oJ§ Jsls

F.-F.cos30 =0~ F,=F,cos30

oo o 3B o LS G s ol am s Rl gaanly Db I S 5 S

Gawlin SIAC (gliwly 53 Sl ez 5,10 Gloslr A gahaic A o8 ST g 5 (8 ks
DS Ll e e

AD = AA"C0s30’

1.25- F1(3*_|_03) = F. (3*103)(;05 30° = Fl(COS BAOEO)Z (3*103), A = Cross — Sectional

AE c0s 30’ AE

F,=438A
F,=38A
O s = 43.8MPa(Compression)

O s = 43.8MPa(tension)

S7



a3 3 s (SIS oS ST gs s b IS slee SV g i 5l by See (glabie 1l
. .&;S’&TJLwJ~‘) 4J¢A BL e DL?%\ VjLs L;;J .MLiLSA b;;ktg 2()k C))Lj;—

Specification:
d=100mm
D=200mm
L=1000mm

—01'0&4-

NCE

i Sl S5 S Sy 0058 L b e Jsb ials = (20)(1000)] 2%1.0°°)= 0.24mm

p="
r=504+ 0% 504 X
1000 20
Azi,L:dx
AE

1000

oae- [P tor
° n50+y fE
( 20
hense : P = 750KN

000 s
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© gl gl Ol o wE KL Jsr jAdm”u sLosldsb L) IS8 slas de sue 55 1l
3 ¢\JSJ.AJ_,L u:'-l‘j—é‘ Q‘J',:.o S u_yUaA .L?;deaa) sl sl g;.of.ul.gjov\...i J«a;D J.Ja:e

Lads 6"*5}&)3&5}&%

£) S

df = —dx.x.\
df =W i
L
O-dx:?
%f'—m 2 2 1 %H'
f= j W ydx = MW, *X4
b L L 2 D
2 2

59



Im o 2
:EIW [D+|_]

1m
ZETW[DH—]

2
MW ip
2
2
P aA—)a——:a—n;—\Lv[D+L]

LoV slw=30mm 5, ¢ s6m el s 4 BCEY Ko s a8l Jlwasl -l dle
S Jess sl el onls LS go3le ST sl o L 500mpa ks Sl oSt

¢ ool i Olgebl g AL ok 1 L 45KN
oS Sl plnl Ly (V58 516mm b s o BC &l Jlail 45 )50 5o -
Jlasl 5,0 LsLF.S =3 5 p=35kN L Jess sl o3l opl ST il ois 4=l 450mpa

..x,.;suﬁb
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Solve:
>M,=0

P(300+150)c0S 60 = F 5 *300*C0OS 30

FBC:§P

J3
= F o = 45KN =39KN

o, =500MPa

OaL™ &ng = 246.7MPa
6*30mm

F5_ Ou_ 500MPa _
~ alL 216.7MPa

Fs=9

— ~+ = 450MPa
aLL _ Ou

61
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35

_7 3031
GaLL_G*W_ 6W
450
O, 1
=4 =-—=_= = 33.67
Ll 3031 3> w=33.67mm
6w

cha s A Sam et s e 1S s 1 8T S ol eme B gesle 1l
L baals Jols glay o 35t (5 3B aakse (gaan Kb Jsir L3b o A Sl thoo olais

sl ey

o “ay
F, Fi gF
A
P
AN }KM‘

Solve:

> f =F,+2F,c0s6-P=0Jss

Deformation:

AAB = AAC cos 9

We know :A:&
AE

_ F,(L/coso)
B AE

L L
F.L _F, Cos@
AEcosé A E

(Deformation) Of F2=F1%COSZQ

62



F1+ 2 Fl(A%Av)COSZH =P

P
1+ 2(Ai/AV)c0S 0

F.

2
£ . Pcos’
> 1+2(Ai/AV)+2c0s ¢

JWJ“)QMMV.@L J})ﬂ."gbf&BC jAB Sjbéjjblim‘jbiiﬁl&wdb
‘.lﬁé)}lﬂbQ )L,g_)‘j:ncJJ;&JJUﬁ).ﬁ@)}aﬂ_’)bck\w;)‘}Q JLJ.:SLCADUJM‘

.v\;.sﬁl.?:i‘mﬂjb Jlail e ;30 Jslae jils oS UcS

te S

F3 025 S5n 056 L Gillae pae a Jsb (Rl Ole L bl e o s ;558 Jls
s b b oslae b ks Y 4 L

A=TE
AE

Where : A\ =axial alongation

P=axial force
L'—L=rt
AE

> f =2Psina-Q=0 or
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o
Q-2¢ 2]

sz%,é:%@_%

L L' L

L"=L"+5"

_ 26AE L

Q —
L L2+ é2

2
WL+ s =L I —L[1+E.%+ ]
Sldor 93 lay (5555 a5 L
2 2
118 )18
L(1+1 éZJ L L
2 L
2AES 62
=TT
AES

£0 Ko 6,108,005 Jlasl (ol tdla

7, =29mpa L =180mm 5 a4 Ol I s 15 Olbl g (Al

2 s (§1,0 275 Oliabl o 5 3L 28MpPa o Ll s Sle B A5 S e

A Ole L Jgbe dibods a S L
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>| T

Fs=tu
ZaLL

D s Lol = 2*(LT_6)*125
* 3
T= 167107 _ 0.7356MPa
(180—-6)*125
FS=—2° _33084
0.7356

2.5
2.75= 1 = asho

* 3 r~

65
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Jsb s QTQ\J_:.:J‘S}”H L;\oﬁbvmz-chfu

il e adllas 550 £ IS8 s o 1l

w‘u#w&;‘ﬁ&bp LSJJ:"J°>}’C"’UV""“>'JSL§‘]’E C,M‘dla:-wr-&-

l————————— [, —————————]

dx fa—

P <

—.1&0[&. —

P.L
A=) 1=
ZAE
Solve:
Expression of r=?
d X(D—dj
_o_ x{b=-a
LU 2

2

Pdx
2
(%3] =
LL 2

4Pdx 4PL

dA =

[d
T+
2

7] =00 LYD=d )] 0

d+%(D—d):U 5 x=0-U=d

—->X=L—->U=D

66

D55 J s



D-d L

du = dx > dx = ddu

xox L D
P M el Bd ap 1
I  "70-dE! 7 7b-

zU?fE #(D-d)Eg " =(D-dE|

d

_L[_EJA}_ 4pL {_d+D}_ 4PL
~z(D-d)El. D d] #(D-d)E[ Dd | DdE

A-A3sB-B ClgLiAJJL@.:;Jﬂ:LS.a Stales Cocsl O llae Llad §

AABB:
=p=7.7*10'NmM "~ oosae 053
L=10m

A=6000mm’
BBCC:

#=8.25510'Nm"
A=5000mm’
E=90GNm"

67



O5:-s

W, = (6+10° (500048, 25%10°fL0”*)= 2475N

* 3
_ 50*10° + 2475 —105MPa

P
A 5000%10°°

O r-a
w, =(0%10°)6*10°)7.7*10"*10°) = 620N

* 3
_ 50*10° + 2475+ 4620 _ 9.5MPa

P
A 6000*10°°

O =

d‘ﬂﬁw|ujib‘>wb)|)v‘:‘”ﬁ‘”f p)b‘ﬁ&‘o.lﬂlwﬁvﬁji/\dg‘l&bu?n)b‘)tﬁ
35 Jam( e adee) Lnadoo 51 S Lo 5 P UL IS OF G e 45 &l (gamyn il 58l

200 kN
F====1
] ot

I
|F'1
b

N [}
‘- o St Cu S
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For st =(12*10°J500AT - o (o
For cu=(20*10° (500)AT
ﬁj)b_'ésx__,)l__,J;UQ;JQT O ade Ol .ssjft}o.aw Sl o g 65,0 aan S

s

* 3
A _PL _ 200*10°(500) _ _95MPa
% AE  (5000)120*10° *10°)
ol Rl
) (200%10° |500) ;
(20*10°° (500)AT — = (120*10°° (500)AT

5000)(120*10° *10°°
(5000)

AT =41.6K
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P+Q_P+Q+dQ .

A A+dA
A 1
dQ P+Q o

dA = 7z(r + dr)’ — zr? = 2zrdr

dQ = ar?.dy.p

THEN ; 27dr _ 1
(o2

ar?dy.o
2dr 1 2dr_p

rdy.o o r o

:2Lnr:£y+clwéjlg)~| $S J Rl
o

r=r,
— 2Lnr, =C,
y=0

2
_ g yl2P
r_Qe
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at 300 K:Sytem is Stress free

Cu:

AL:
A = 4500mm? A = 4500mm?
L =300mm L =200mm
E =120GNm™ E = 70GNm™
a=20*10"°K™ a=25*10"°K™

J>
total Shortening:

(20%10°° J(300)AT +(25*10°° | 200)AT = AT

_ P(300) P(200)
hence : e S
(7500)120*10° *10°) * (2000)70*10° *10° )= A,,

Ay =A,—025

o, =P/A=P=Ac, =(2000)150*10° *10°® )= 300KN
AT =84K
Final temPreture =216K

L,-&v',iﬂ) 2 S HSo P SO
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g = shear flow

T, =13 111 =17

T4ty = T3t
S o a5 1y i IVl Oles 5 ool ey alady oS

Slceisbe A5 Job e 4 Sldl 2ol o, o b p b w5 (9) e warsL
q.ds
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s ol pled 058 e b pl ply il o O ol dhai J g QS (55,5 S Olen S
s Ol e s ds
T =/ rqds
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SHU Hlas sl gae T wly Ol g Cou

Energy of otrain( ohear , tram) U = %G Xy = %Txy Py = %

Xy
Energy of shear strain aqual tou = j 7,dpxy =

0

e S s gt S g 3 Ll
WS S ab b

_TL ds
AN’ G t

Work of external forces: (T) = %.T.CDT

TPL,
2G,J,

Energy (internal forces) = >
o pls Clalﬁ.a LSl slgis o
b go giR, = =R, =R, t =R, - R
Ro
J= IZﬂp3dp =
Ri

for thin walled members:

J :%(ROZ +R2)R, + R IR, - Ri):%(ani)(sz)t = 27R%t

2 2 2 L 2 2
U=jﬁdv:>U=ij .dv:ij dAdx
2G 2GJ? 12637
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Example : A compound shaft with applied torques and dimensions is shown
below. Section AB is made of steel. Section BC is made of brass. Section CD is
made of steel. For this shaft:

A. Determine the maximum shear stress in each of the sections of the shaft.
B. Determine the resultant angle of twist of a point on end D with respect to a
point on end A.

The modulus of rigidity for steel = 12 x 106 Ib/inZ2.

The modulus of rigidity for brass = 6 x 106 |b/in2.

2000 fi-Ths 1,[":"] fi.Ths
600 fi-Ths
d=2in 4I]I]ftlhs
(= ?smm
A 1 fi
B
Part A:
Section I:

From equilibrium condtions:
Sum of Torque = 600 ft-lb - Tag = 0; So Tap = 600 ft-lb

Then tap=Tr / J = (600 ft-lb)(12 in/ft)(.5 in) /[3.1416 * (1 in)* / 32] = 36,700
psi

Section IlI:
From equilibrium condtions:
Sum of Torque = 600 ft-lb - 2000 ft-lb + Tgc = 0; So Tgc = 1400 ft-lb

Then tgc = Tr / J = (1400 ft-lb)(12 in/ft)(1 in) /[3.1416 * (2 in)* / 32] = 10,700
psi

2000 fi-Ths
Tln:
600 fi-Ths
A 1ft
B
Section lll:

From equilibrium condtions:
Sum of Torque = 600 ft-lb - 2000 ft-lb + 1000 ft-lb + T¢p = 0; So Tep = 400 ft-lb

Then tep = Tr / J = (400 ft-lb) (12 in/ft)(.375 in) /[3.1416 * (.75 in)* / 32] =
57,900 psi
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2/000 fi-Ths 1,000 fi-hs

600 fi-Ths

Part B:

Resultant angle of twist:

dss = TL/JG = (600 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (1 in)* /
32)(12x10° Ib/in?)] = .0733 radians (cw)

dsc = TL/JG = (1,400 ft-lb)(12 in./ft)(2 ft)(12 in/ft)/[(3.1416 * (2 in)* /
32)(6x10° Ib/in?)] = .0428 radians (ccw)

o = TL/JG = (400 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (.75 in)* /
32)(12x10° Ib/in?)] = .155 radians (ccw)

¢Total = - ¢AB + ¢BC + d)c[) = .1245 radians (CCW)
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Example :A compound shaft with applied torques and dimensions is shown
below. Section AB is made of brass. Section BC is made of brass. Section CD is
made of steel. For this shaft:

A. Determine the maximum shear stress in each of the sections of the shaft.
B. Determine the resultant angle of twist of a point on end D with respect to a
point on end A.

The modulus of rigidity for steel = 12 x 106 Ib/sq. in.

The modulus of rigidity for brass = 6 x 10¢ Ib/sq. in.

1400 fi-Ths 800 fi-Ths
gy

d =15in 200 fi-hs
~
( d=5in ‘.
/ 15 fi D

400 fi-Ths

(; =751n
A 1fi

2fi C

Part A:

Section I:

From equilibrium condtions:

Sum of Torque = 400 ft-lb - Tag = 0; So Tag = 400 ft-lb

Then tas = Tr / J = (400 ft-lb)(12 in/ft)(.375in) /[3.1416 * (.75 in)* / 32] =
57,900 psi

Section Il:

From equilibrium condtions:

Sum of Torque = 400 ft-lb - 1,400 ft-lb + Tgc = 0; So Tsc = 1,000 ft-lb

Then tgc= Tr / J = (1,000 ft-lb)(12 in/ft)(.75 in) /[3.1416 * (1.5 in)* / 32] =
18,100 psi
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1400 fi-Ths T,

Section lll:

From equilibrium condtions:

Sum of Torque = 400 ft-lb - 1,400 ft-lb + 800 ft-lb + T¢p = 0; So T¢p = 200 ft-lb
Then tcp=Tr / J = (200 ft-lb) (12 in/ft)(.25 in) /[3.1416 * (.5 in)* / 32] =
97,800 psi

Part B:

Resultant angle of twist:

Ors = TL/JG = (400 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (.75 in)* /
32)(6x10° Ib/in?)] = .309 radians (cw)

dec = TL/JG = (1,000 ft-lb)(12 in./ft)(2 ft)(12 in/ft)/[(3.1416 * (1.5 in)* /
32)(6x10° Ib/in?)] = .0966 radians (ccw)

beo = TL/JG = (200 ft-lb)(12 in./ft)(1.5 ft)(12 in/ft)/[(3.1416 * (.5 in)* /
32)(12x10° Ib/in?)] = .587 radians (ccw)

Orotal = — Pas + Pac + Pcp = .375 radians (ccw)
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Example :A compound shaft is attached to a fixed wall as shown below.
Section AB is made of brass. Sections BC and CD are made of steel. If the
allowable shear stress for steel and brass are:

T steel = 18,000 psi T brass = 12,000 psi

A. Determine the maximum torques which could be applied at points D, C, &

B (To,Tc, & Ts) without exceeding the allowable shear stress in any section of
the shaft.

B. Using the torques found in part A, determine the resultant angle of twist of
a point on end D with respect to a point on end A.

Tp
4
75 in (O
1fi D

The modulus of rigidity for steel = 12 x 10 |b/sq. in.
The modulus of rigidity for brass = 6 x 10¢ Ib/sq. in.

Part A:

Section I:

From equilibrium condtions:

Sum of Torque = Tep - Tp =0; So Tp = Tep

Then: Tsteel = 1ol / J

18,000 lb/in% = Tcp(.375in) /[3.1416 * (.75 in)* / 32]
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Solving: Tcp = Tp = 1491 in-lb = 124 ft-lb

Tep Tp
D
Section Il:

From equilibrium condtions:

Sum of Torque = Tgc - Tep - 124 ft-lb = 0; So T¢ = (Tgc - 124 ft-lb)
Then Tsteet = Tper / J

18,000 Lb/in% = Tgc(.5in) /[3.1416 * (1 in)* / 32]

Solving: Tgc = 3534 in-lb = 295 ft-Ib

Tc = (295 ft-lb - 124 ft-lb) = 171 ft-lb

T T

BC C
Tp
e Y
( d= 75 f'O
14t D
C
Section lll:

From equilibrium condtions:

Sum of Torque = -Tpg + Tg- 171 ft-lb - 124 ft-lb = 0; So Tg = (Tag + 171 ft-lb +
124 ft-lb)

Then Tprass= Tagl / J

12,000 Lb/in? = Tg(1 in) /[3.1416 * (2 in)* / 32]

Solving: Tag = 18,850 in-lb = 1570 ft-Ib.

Tg = (1570 ft-lb + 171 ft-lb + 124 ft-lb) = 1865 ft-lb

100



1fi D

Part B:

Resultant angle of twist:

$as = TL/JG = (1,570 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (2 in)* /
32)(6x10° Ib/in?)] = .024 radians (ccw)

e = TL/JG = (245 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (1 in)* /
32)(12x10° Ib/in?)] = .0361 radians (cw)

oo = TL/JG = (124 ft-lb)(12 in./ft)(1 ft)(12 in/ft)/[(3.1416 * (.75 in)* /
32)(12x106 Ib/in?)] = .0479 radians (cw)

Orotal = + das — Psc —Pcp = .06 radians (cw)
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Example :A compound shaft with applied torques is shown below. Section AB
is made of steel. Section BC is made of brass. Section CD is made of steel. A
driving torque of 2000 ft-lb is applied as shown. Load torques of 600 ft-lbs,
1000 ft-lb, and 400 ft-lbs are also shown. The shaft is rotating at 2400
rev/minute. The allowable shear stress of steel is 20,000 lb/sq.in., and the
allowable shear stress for brass in 18,000 lb/sq.in. For this shaft:

A. Determine the horsepower being transfer through each shaft.
B. Determine the minimum diameter for each shaft, such that it can safely
carry the transmitted power.

The modulus of rigidity for steel = 12 x 10 |b/sq. in.
The modulus of rigidity for brass = 6 x 10° Ib/sq. in.

2,["]'] fi-Ths 1,[":"] fi-Th=
600 fi-Ihs
(— Brass r‘ 400 fi-Ths
A 1f 1 fi D
B 15f C
Part A:
Section I:

From equilibrium condtions:

Sum of Torque = 600 ft-lb - Tag = 0; So Txp = 600 ft-lb

Then: HP = 2anT / 550 ft-lb/s / hp = 2t (40 Rev/s )( 600 ft-lb) / 550 ft-lb/s /
hp = 274 hp

600 fi-Ths

A

T

Section Il:

From equilibrium condtions:

Sum of Torque = 600 ft-lb - 2000 ft-lb + Tgc = 0; So Tgc = 1400 ft-lb

Then: HP = 2anT / 550 ft-lb/s / hp = 2n (40 Rev/s)( 1,400 ft-lb) / 550 ft-lb/s /
hp = 640 hp

102



2,000 fi-Ths
he
600 fi-Ths

A 1fi

Section lll:

From equilibrium condtions:

Sum of Torque = 600 ft-lb - 2000 ft-lb + 1000 ft-lb + T¢p = 0; So T¢p = 400 ft-lb
Then: HP = 2anT / 550 ft-lb/s / hp = 2 (40 Rev/s)( 400 ft-lb) / 550 ft-lb/s /
hp = 183 hp

2,000 fi-hs 1,000 fi-Ths
600 fi-Ths
(— Brass r' Tea
A 1ft
B 154 C
Part B:
Section I:

Tas=Tr / J => 20,000 = (600 ft-lb)(12 in/ft)(d/2) /[3.1416 * (d)* / 32]
Solve for d3.s = (600 ft-lb)(12 in/ft)( 1/2) /[(3.1416 / 32) (20,000 1b/in?)] =
1.8335 in?

so: das = 1.22 inches

Section IlI:

Tec=Tr / J => 18,000 = (1,400 ft-lb)(12 in/ft)(d/2) /[3.1416 * (d)* / 32]
Solve for d3sc = (1,400 ft-lb)(12 in/ft)( 1/2 ) /[(3.1416 / 32) (18,000 1b/in?)] =
4.7534 in3

so: dsc = 1.68 inches

Section lll:

Teo=Tr / J => 20,000 = (400 ft-lb)(12 in/ft)(d/2 ) /[3.1416 * (d)* / 32]
Solve for d3cp = (400 ft-lb)(12 in/ft)( 1/2) /[(3.1416 / 32) (20,000 1b/in?)] =
1.2223 in?

so: doo = 1.07 inches
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Example :The diagram below represents two hollow brass shafts attached to a
solid wall at end A. The torque acting at point B is 800 ft-lbs, and the torque
acting at end C is 180 ft-lbs. For this shaft:

A. Determine the maximum shear stress in each shaft.
B. Determine the angle of twist of end C with respect to end A.

The modulus of rigidity for steel = 12 x 10 |b/sq. in.
The modulus of rigidity for brass = 6 x 10¢ Ib/sq. in.

The diameters of each shaft are as follows:
outer diameter of AB = 2.5 in, inner diameter of AB =2 in
outer diameter of BC = 1 in, inner diameter of BC = .8 in

180 fi-Ths

Part A:

Section I:

From equilibrium condtions:

Sum of Torque = Tgc - 180 ft-lb = 0; So Tgc = 180 ft-lb

Then tag=Tr / J = (180 ft-lb)(12 in/ft)(.5 in) /[3.1416 * [(1 in)* - (.8 in)*] / 32]
= 18,600 psi

Tge 180 fiDhs

C

Section Il:
From equilibrium condtions:
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Sum of Torque = Ty - 800 ft-lb - 180 ft-lb = 0; So Txs = 980 ft-lb
Then tpp = Tr / J = (980 ft-lb)(12 in/ft)(1.25 in) /[3.1416 * [(2.5 in)* - (2 in)*] /
32] = 6,490 psi

Ty 800 fi.lhs
180 fi-Ths
2t C
B
Part B:

Resultant angle of twist:

¢as = TL/JG = (980 ft-lb)(12 in./ft)(3 ft)(12 in/ft)/[(3.1416 * [(2.5 in)* - (2 in)4]
/ 32)(6x10° Ib/in?)] = .0312 radians (cw)

$sc = TL/JG = (180 ft-lb)(12 in./ft)(2 ft)(12 in/ft)/[(3.1416 * [(1 in)* - (.8 in)4]
/ 32)(6x10° Ib/in?)] = .0149 radians (cw)

Orotal = — Pas — Psc = —.0461 radians (cw)
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Example :The diagram below represents two hollow brass shafts attached to a
solid wall at end A. The torque acting at point B is 600 ft-lbs, and the torque
acting at end C is 200 ft-lbs. For this shaft:

A. Determine the maximum shear stress in each shaft.
B. Determine the angle of twist of end C with respect to end A.

The modulus of rigidity for steel = 12 x 10 |b/sq. in.
The modulus of rigidity for brass = 6 x 10¢ Ib/sq. in.

The diameters of each shaft are as follows:
outer diameter of AB = 3.5 in, inner diameter of AB = 2.8 in
outer diameter of BC = 2 in, inner diameter of BC = 1.6 in

600 fi-Ths

200 fi-Ths

Part A:

Section I:

From equilibrium condtions:

Sum of Torque = Tgc - 200 ft-lb = 0; So Tgc = 200 ft-lb

Then tpp=Tr / J = (200 ft-lb)(12 in/ft)(1 in) /[3.1416 * [(2 in)* - (1.6 in)*] /
32] = 2,600 psi

TBC 200 fi-Ths

C

Section Il:
From equilibrium condtions:
Sum of Torque = Ty - 600 ft-lb - 200 ft-lb = 0; So Txs = 800 ft-lb
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Then tpg = Tr / J = (800 ft-lb)(12 in/ft)(1.75 in) /[3.1416 * [(3.5 in)* - (2.8 in)*]
/ 32] = 1,150 psi

T AR 600 fi-Ths

200 fi-Ths

Part B:

Resultant angle of twist:

as = TL/JG = (800 ft-lb)(12 in./ft)(2 ft)(12 in/ft)/[(3.1416 * [(3.5 in)* - (2.8
in)#] / 32)(6x10° Ib/in2)] = .0044 radians (cw)

dsc = TL/JG = (200 ft-lb)(12 in./ft)(3 ft)(12 in/ft)/[(3.1416 * [(2 in)* - (1.6 in)*]
/ 32)(6x10° Ib/in?)] = .0155 radians (cw)

Orotal = — Pas — Psc = —.0199 radians (cw)
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Example: We have shown a compound shaft with 500 horsepower being
applied at point B, and with power being taken off the shaft - 100 hp at point
A, 240 hp at point C, and 160 hp at point D. Shaft AB has a diameter of 1",
shaft BC had a diameter of 3", and shaft CD had a diameter of 2". If the shaft
is rotating at 1200 rpm, determine the maximum shear stress in each section
of the shaft.

500 hp 240 hp .
p
( (\ {E )
d3=2" D
C

Solution:

Step 1. We first determine the amount of horsepower being transmitted
through each section of the compound shaft. In section AB, we can see that
100 hp must being transmitted internally through the shaft from B to A. In
section BC, with a little thought, we realize that the amount of power being
transmitted through BC must be 400 hp - of which 240 hp is taken off at point
C, and the remaining 160 hp. continues through shaft CD, and is taken off at
point D.

Step 2. Now that we know the horsepower in each section of the shaft, we
use the horsepower equation to determine the amount of torque which is
being applied to each shaft.

Power n, =[2 pi T n / 550 ft-lb/s/hp]

Solving for T = (Php 550 ft-Ib/s/hp) / 2 & n; then putting in the values, we
have:

Tas = 100hp (550 ft-Ib/sec/hp)/[2 (3.1416) (1200/60 rev/s)] = 438 ft-lb. =
5256 in-lb.

Tec = 400hp (550 ft-lb/sec/hp)/[2 (3.1416) (1200/60 rev/s)] = 1752 ft-lb. =
21024 in-lb.

Tep = 160hp (550 ft-Ib/sec/hp)/[2 (3.1416) (1200/60 rev/s)] = 701 ft-lb. =
8412 in-Ib.

Step 3. Finally we use the shear stress formula, #=Tr/J, to find maximum
shear stress in each section

" ap= 5256 in-lb * .5 in / [pi(1")*/ 32] = 26,770 Ib/in2.

"sc=21024 in-lb * 1.5 in / [pi(3")* / 32] = 3966 Ib/in2.

"co=8412in-lb * 1 in / [pi(2")* / 32] = 5355 Ib/in2.
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Example :A solid compound shaft with a driving torque of 1800 ft-lb. and load
toque of 600 If-lb., 800 ft-lb., and 400 ft-lb. is shown in Diagram 1. Section AB
is made of steel. Section BC is made of brass. Section CD is made of steel. The
shaft is rotating at 2400 rpm. The length and diameters of the shafts are
shown in the Diagram 1. For this compound shaft :

1800 fi.1b ]
600 £i.Th ‘j."_'lﬂ T

B L=2fi
Diagram 1

1. Determine the maximum shear stress in each of the sections of the
shaft.

2. Determine the horsepower being transmitted through each section of
the shaft.

3. Determine the resultant angle of twist of a point on end D with respect
to a point on end A.

Modulus of Rigidity: Steel = 12 x 106 |b/in2.; Brass = 6 x 106 Ib/inz.; Aluminum =4 x 106
Ib/inz,

Step 1. To solve, we first need to determine the internal torque in each
section of the shaft. We cut the shaft a distance 0' < x < 1" from end A and
draw a Free Body Diagram of the left end section of the shaft as shown in
Diagram 2. Where we cut the shaft there is an internal torque, which in this
case must be equal and opposite to the torque at end A for equilibrium. So for
this shaft the value of the internal torque is equal to the value of the
externally applied torque.

TAB = 600 ft'lb.
Diagram 2
600 fi-Th
/ internal
torgue

A

x —

We now determine the internal torque in the next section of the shaft. We cut
the shaft a distance 1' < x < 3' from end A and draw a Free Body Diagram of
the left end section of the shaft as shown in Diagram 3. Where we cut the
shaft there is an internal torque, and by mentally summing torque, we see
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that in order to have rotational equilibrium we must have an internal torque
in section BC of Tgc = 1200 ft-Ib. acting in the direction shown.

Diagram 3
e 1800 fi-Th
600 fi-Th
internal
torgue
T=1200 fi-Th

We now determine the internal torque in the last section of the shaft. We cut
the shaft a distance 3' < x < 4 from end A and draw a Free Body Diagram of
the left end section of the shaft as shown in Diagram 4. Where we cut the
shaft there is an internal torque. From the Free Body Diagram we see that in
order to have rotational equilibrium we must have an internal torque in
section CD of T¢p = 400 ft-Ib. acting in the direction shown.

1800 ft b . 800 f.1b
600 fi.Th Diagramd W%

internal
. torgue
d=2 T =400 fi-Th
L=2f

Step 2. Using the internal torque in each section (Tas = 600 ft-lb = 7,200 in-
Ib., Tsc = 1200 ft-lb. = 14,400 in-lb., T¢p = 400 ft-lb. = 4,800 in-lb.), we
now apply the torsion formula for the shear stress: #=Tr/J

" as=7,200in-lb * .5 in / [pi(1")*/ 32] = 36,700 |b/in2.

"8c= 14,400 in-lb * 1 in / [pi(2")* / 32] = 9,170 Ib/in2.

o= 4,800 in-lb * .375 in / [pi(.75")* / 32] = 58,000 Ib/in2.

Step 3. Again using the internal torque in each section, we determine the
horsepower transmitted through each shaft section.

Pag=2 pi Tn/(550 ft-lb/s/hp)=2*3.1416*600 ft-lb.*(40 rev/s) /(550 ft-
Ib/s/hp)= 274 hp

Psc=2 pi Tn/(550 ft-lb/s/hp)=2*3.1416*1200 ft-1b.*(40 rev/s) /(550 ft-
Ib/s/hp)=548 hp

Pcp=2 pi Tn/(550 ft-lb/s/hp)=2*3.1416*400 ft-lb.*(40 rev/s) /(550 ft-
Ib/s/hp)= 183 hp

St(_-:-p 4. Apply the Angle of Twist relationship to each section of the shaft.

£ 8 =T L/J G= (7,200 in-lb.* 12 in)/(.098 in* * 12 x 108 |b/in?)=.073 radians
=4.18°.

#4c =T L/J G= (14,400 in-lb.* 24 in)/(1.57 in* * 6 x 108 |b/in?)=.037 radians
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= 2.12°.
£ep =T L/J G= (4,800 in-lb.* 12 in)/(.031 in* * 12 x 108 Ib/in2)=.155 radians
= 8.88°.

Then the total twist of end D with respect to end A will be:

Fital = + 4.18° - 2.12° - 8.88° = - 6.82° (clockwise); where our signs are
taken from the direction of the internal torque in each section. In this
example, AB - counter clockwise, BC - clockwise, and CD - clockwise, resulting
in the (+, -, -) signs of the angles of twist.
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ox=30Mpa
cy=30Mpa
TxyZO.OMpa

i) o gllaer s

ol oo s a2 (Ll

b g e Ol 5 Sl 5y sla s (O
ab s o Glaghe 5 65 0 @ e (2
WS A gl

TMax Xy = 3.000MFa

Y
X
Oq= 30.000MPa Center =  25.000 MPa
Gy = 20.000 MPa Radius =  5.000 MPa
X-direction Mormal Stress 30.0 MPa ( Tension )
Y-direction Normal Stress 20,0 MPa ( Tension )
XY¥-direction Shear Stress 0.0 MPa ( CW on X-face )

T AL

O 45.00°
- —_— 1
x / A

| 2

Principal Stress Orientation Max XY Shear Stress Orientation

-1 s

231



cx=100Mpa
cy=60Mpa
‘Exy=48.0M pa

1] ujﬁa.adl.u

by Gambw 2 S5 00 S e S (2
Celu glaas de OO T 55 Olygs a5 T 5l s 25 (o

S A sl

TMax Xy =  52.000 MPa

52.000 MPa

TMax XY =

/

X
oq= 132.000 MPa Center=  80.000 MPa Gq= 132000 MPa Center=  80.000 MPa
Go= 28.000 MPa Radius = 52.000 MPa G = 28.000 MPa Radius = 52.000 MPa
X-direction Normal Stress 100.0 MPa ( Tension ) X-direction Normal Stress 100.0 MPa ( Tension )
¥Y-direction Normal Stress 60.0 MPa ( Tension ) Y-direction Normal Stress 60.0 MPa ( Tension )
XY-direction Shear Stress 48,0 MPa ( CCW on X-face | XY-direction Shear Stress 48.0 MPa ( CCW on X-face )
hd Y Y ¥
2 2
\ i \ 1
— ", 78.69° — . 78.69°
33.69° "'E--_/ 33.69° ~—
= X /\ X
— ~

/

Principal Stress Orientation

Max XY Shear Stress Ori

Principal Stress Ori

v s
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ox=-50Mpa

cy=10.0Mpa
Txy=40.0Mpa

50.000 MPa

Thax Xy = 50.000 MPa

ThMax Xy =

=
4= 30.000 MPa Center = -20.000 MPa 4= 30.000MPa Center = -20.000 MPa
= -70.000 MPa Radius = 50.000 MPa Gp= -70.000 MPa Radius =  50.000 MPa

X-direction Normal Stress
Y-direction Normal Stress
XY-direction Shear Stress

50.0MPa ( Compression )
10.0MPa ( Tension )
40.0MPa ( CW on X-face

)

X-direction Normal Stress
Y-direction Normal Stress
XY-direction Shear Stress

50.0 MPa ( Compression )
10.0 MPa ( Tension )
40.0 MPa ( CW on X-face )

J
Kﬁ%@/ﬂﬁ;

ly
\M&//gﬂwﬁﬁf

Principal Stress Orientation

Max XY Shear Stress Ori
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cx=0.0Mpa
cy=0.0Mpa
Txy=40.0Mpa

1] ujﬁa.adl.w

Cele glaa de G 55 Olye3 a5 £0 3l by 25 (5

40,000 MPa

TMax Xy =

Oq= 40.000MPa Center = 0.000 MPa Oq= 40.000 MPa Center = 0.000 MPa
Gy = -40.000 MPa Radius = 40,000 MPa Gz = -40.000 MPa Radius = 40.000 MPa
X-direction Normal Stress

40.000 MPa

TMax XY =

Y-direction Normal Stress
X¥-direction Shear Stress.

0.0 MPa ( Tension )
0.0 MPa ( Tension )
40.0 MPa { CCW on X-face )

X-direction Normal Stress
Y-direction Normal Stress
X¥-direction Shear Stress

0.0 MPa ( Tension )
0.0 MPa ( Tension )
40.0 MPa ( CCW on X-face )

Y

A

45.00°

P AN

X

Y

— 90.00°

Y

L

45.00°

V2N

X

Y

— 90.00°

Principal Stress Orientation

Max XY Shear Stress Orientation

Principal Stress Orientation

-9 s
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d,

gx'd X _COSQ_,_LdYSinH+SOLCOSt9

8 ,:
X dx' dx’ dX’

tgez%) Sin:dy cosezdx

de d.

£x= £, COS0+ g, sin* 0+ Y sin20

1+ CO0OS26 1-COS20)\ pxy ..

2 2
+ +
=68y 8 8005004+ Y Gingg |
Ex 2 2 2
+ +
gy,:5X25y_‘9xz‘9y00329—%3in29 I

oS jg.u|+||:>gx+gy:gx,+gy,=Cte
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OAB (usl5 53 is=a+f

ga oA
d, d,
AA'SIing + A'/A"CoS@ — A"A"Sin@
a:
d.
o= L'dx.sinethchose—Msine
dy dy d

a=-g,.c0s0.sin0+ g sing.cosd - pxysin® o

a= —(gx —gy)sin 6.cos @ — g xysin® @

oB
9~ p= &
y
—BB'COS¢# + B'B"sin@ + B"B" cos &
ﬂ =
d y'
e —&.0,cos0+ Eyd ,+©Xy.dy.cosd

dy

B=—g, sin0cosd+ g sin0.cosd+oxycos’ g

L= —(gx — gy)sin 6.c0s 6 + Xy cos* &

PXyY =a+f=— 2(5)( - gy)sin 0.cos 0 + goxy(cos2 6 —sin? 9)

Xy = _(Ex - gy)sin 26 + Xy cos 260
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wh oy Slmdo 5 Sl o sla S (¢

ab g Slaghae ) 3 @ s (2

1S s el glawie cgr 3 a3 15 Cou a2 S (5
ex=400micron

gy=0.0micron

vxy=400Radian

565.685 E-06 rad 565.685 E-06 rad

YMax Xy = YMax Xy =

452 643 micros
-B2 843 micros

Center =
Radius =

200.000 micros
282.843 micros

Eq=
€=

200.000 micros
282.843 micros

Center =
Radius =

482 B43 micros
-B2 843 micros

g1=
Er=

X-direction Normal Strain
Y-direction Normal Strain
X¥-direction Shear Strain

400.0 micros { Elongation )
0.0 micros ( Elongation )
400,0 micros { CW from X-a

Y 2

MR Q/ %
=
/

Principal Strain Orientation

Max XY Shear Strain Orientation

i

X-direction Normal Strain
Y-direction Normal Strain
XY -direction Shear Strain

400.0 micros ( Elongation )
0.0 micros ( Elongation )
400.0 micros { CW from X-a:

Xis )

Principal Strain Orientation

(T Rt
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_Ax 107~

== _—400x10°°
ExT10%10° 8

gyzo
‘@‘: 200x10°°
2
53 Xahl pl ol e S 0 ss Cole Glaade S 5o g @ b o Sl e g L
2SI Bl e a3 Y B elie s @ 530S e U8 1 VL

=200x10"°

+
OC:gaVe:gngy

R =4/(200x10° +(200x10°f = 283x10°
ol S s 5 X e ansll pl ple ASL 0 80 Jalae OX 5 &1 ) s s sl

AoL e 4 ;5YY,0

£.= .+ R=(200+283)x10° = 483x10°°

£,= Ene— R =(200-283)x10° =83x10°°

£

97w _R=283x10"° = 0 =566x107°
2 Xy

St Rl b RS Lol e 555

& =0c=200x10"°
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6S Aos Celo slaa de O Cmr s a3 T G b 0 S (G
ex=- 0.0001micron

gy=0.0011micron

Yxy=-0.0002Radian

YMax Xy = 0.001 E-06 rad YMax xy = 0.001 E-06 rad

Y
X

€¢ = 0.001 micros Center =500.000E-06 micros €= 0.001 micros Center =500.000E-06 micros

€5 -108.276E-06 micros Radius 608.276E-06 micros €2 -108.276E-06 micros Radius 608.276E-06 micros
X-direction Normal Strain 0.0001 micros ( Contraction ) X-direction Normal Strain 0.0001 micros ( Contraction )
Y-direction Normal Strain 0.0011 micros ( Elongation ) Y-direction Normal Strain 0.0011 micros ( Elongation )
XY-direction Shear Strain 0.0002 micros ( CCW from X-axis )  XY-direction Shear Strain 0.0002 micros ( CCW from X-axis )

1 Y (4 Y

85.27° \ / T 85.27° \ /
2 —— - / \ X e / \ X
D /\\ /\49 73" D /\\ /\\:9 720

l

Principal Strain Orientation Max XY Shear Strain Orientation Principal Strain Orientation Max XY Shear Strain Orientation

P e
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£,=-0.00012

&, =+0.00112

ETE, _= 0.00012 +0.00112
2 2

oc = =628x10°°

. \/(— 0.00012 - 0.00112
2

2
) +(0.00010) =628x10°

Ero = Eun T R=500x10"° +628x10° =1128x10"°

Emin = Eae— R=500 x107° —628x107° =-128x10°°

tgzglzﬂzﬂzzglzg.le
c.—c, 124

y

180-9.16=170.84
S o Jate Lol e o) 4 10X pme oS Gl
90+9.16 =9916
Az Sl (sl 1S 4 BS 053 sl slass s g 53 OX s
99.16 + 2 =49.58°

°):‘.‘>L5,5)J'.’ qu\

85

—¥=R=¢ =2R =2x628x10°=1256x10"°
2 Xy
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abgi e Slaghae 2 S5 50 @ e S (2

S Ay el glaa e Sz 15 42,5225 Cow b B S G

ex=-0.00080micron
€y=-0.00020micron
vxy=0.00080Radian

YMax xy = 1.000E-03 E-06 rad

€41 = 0.000 micros
£5 = -1.000E-03 micros

Center -500.000E-06 micros
Radius =500.000E-06 micros

YMax Xy = 1.000E-03 E-06 rad

126.87°

Center -500.000E-06 micros
Radius =500.000E-06 micros

X-direction Normal Strain
Y-direction Normal Strain
XY¥-direction Shear Strain

0.0008 micros ( Contraction }
0.0002 micros ( Contraction }
0.0008 micros ( CW from X-a

Xis )

0.0008 micros ( Contraction )
0.0002 micros ( Contraction )
0.0008 micros ( CW from X-a:

XIS )

Y

2

=

63.43°

X

/?'

1

ly

H@ﬂ_{@x
f

Y
€41 = 0.000 micros
€2 = -1.000E-03 micros
X-direction Normal Strain
Y-direction Normal Strain
XY-direction Shear Strain
Y
=z :
X
/ 63.43°
1

J
\//Q./e\wx

Principal Strain Orientation

Max XY Shear Strain Orientation

Principal Strain Orientation

Vood S
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&£, =—0.00080

&, =+0.00020
§,,=0.00080
o _ —0.0008 ; 0.00020 _

o \/(—o.ooos—o.ooozojz +(o.oooso
2

2
j =0.0005

Enax = E et R=-0.0005+0.0005=0.0

£ = £.,,— R=-0.0005-0.0005 = -0.001

92, - §,  0.008
' g,—g, 00006

= 2§, =53.13

180 —53.13=126.87"= Lol ,sme L 5 smes i3l
(Colu slaa i g 13)126.87 +2=63.43" = |5 S ol sme L Olas 55, 4l
o il 65,90 —53.13=3686 =3686 = Slim 5, oS s b e 4l
36.86+2=18.43 =0las (55, lol 23S ssma b sl

§

2N R:SO =2R =2x0.0005=0.0010
2 i
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e Slaane oKy 53 a8 Olyss @ o3l 4 35 sl Sl 4 S XY (slay some S|
X"=xcos@+ ySing

y' = ycosé—xSing

|X,:J'y'2dA='[(ycos e—xsine)sz=c0520Iy2dA+sin20Ix2dA—ZsinecosejxydA
| .=],cos’0+]| sin?6—] sin20
X X y Xy

O P PO S
X 2

> 00520—(— | Xy)sin 20

+ —
=IX Iy+—|X chosze—(—| )sinze
2 2 Y

— oy =" | X; | ysin29+(— I )c0329

Xy

Iy'
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dl, )

|x=0:>(| —| )sm20—2| cos20=0
do y X i
w2g,— 2L

-1,

w8 0l 35 8 (K | Lty 03 5 edd Sl SIN20), 00820, S

2
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(ol s ) s L XY gl 51 Jool>) €55 5o 5 XY S a0 01 e =Y

+ B 2
OC(I ave): IXZIy’ R= [Ileyj + I2xy
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Sp e 48,5 L5 L5 6 S el 1 Ol i CX plait

-R S)

I ave —
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Load, F

A, Deflection
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U=ov="2
(Modulus of Resilence) . s .,
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o’yp/2E

Flae 3L

Y=Y JS2) wllas 3l Sl sl (golre belST (255 55 oie 5 mlans
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Inal asiic
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Elastic
Strain
Enargyr
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M=F(x-L)

e
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F2L3
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2

8 hear Force

For(=x=1.2: M=Px2

M oanenl
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f.dy

B Ol o S 5 e e e s NS 5 S il e s LI
du = ;.z dx.dz.gpdy = ;z.go.dv

: [Q}m
I aau] 2

(UO):;_G
U= [ 2
V{Lze

(o, B 5 1y el esls OLL 5 235,865 5 ol o slherlie

SRt

2
U = [udv =%j%dv
=T /dA;Where T = shear force
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f1s called a form factor:
Circle f=1.11
Rectangle f=1.2

Tube =2.00

[ section f=A/A,.,

S o S 0 S S Sl 5 gl ek G e ol Ol 65 e

dp

ARt
Lol OV s s ol S0 e SLIC plad 4y 2is S 0 5168

2npdplL

03 S s 5 sl s 5 LI

LB 1 26C
.2zl % s .7 24 Cf
U= Pe=S-c 7
=T—maxz(1.vo|)
2G 2
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M 2
U bending: _[ 2EI dx

Ushear = I%dv
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ot 2 Gl 8 Ldsb s bsle 5 G5 i YIS
s~ »dv=Lb.dy

I 2
M “.dx
U bending:,[ 2E| =

0

j(—-px)?dx _pil
) 2Bl 6EI

2
APV Y

2 2 p.(hY 3p°L
—d j —|(—) —y2! Lbdy ==F-
(267 26 4|21 |2 5AG

Ushear: J. V=

Vo

A=bh

213 2
bending—i_Ushear:> pA = p L +3p L
2 6EI 5AG
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3
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AN
N
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2 ~ 2E.A
1 & PAL
A=—) i 1
F ,Zﬂ: E.
EA=cte

ol o3ls OLES o3l 51T lgnl O ks paend ol o sl 1o

1Y-Yo IS

A lightweight aluminum truss,
E=70000 MPa, has a height,
L,=1m, and is made of tubular
stock with a cross sectional area
of 250 mm? Determine the
deflection at B when the load,
F=20kN.
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FEA L
Forces Length of P2L;
Members

Pi=-F Li=Lo F? Lo
P2=+/2F L=~2L, 242F? Lo
Ps=-F Ls=Lo F2 Lo
Ps=-2F Ls=Lo 4F2 Lo
Ps=+/2F Ls=~/2L, 242F? Lo
Ps=F Le=Lo F? Lo
P7=0 L7=Lo 0
Sum (7+472) F? Lo

(7+av2)FL,

EA
_(7+442)20000N 1000)mm
(70000)N / mm?(250)mm?
=14.4mm

259

o5l J> 5



Sl 2 6,198 ,b

led 5500 5 S pSG ahade lan U glaks Glgml 4 Vg S LM o 4 ez oS s
ey 5 e s ahoe 53 e iT 3 e sloml S8 ks Al 3t s s
la_is ples Ll 53 058K = 4 Bl AL S Sl 5 o, s Slo Jldde & O
Lo S gl 1 @OISLL S ppl A4S sl

Sl o (18,0 3 bl Sls b

S SR s st e Jie il 4 S sk a edis ool e (6551 el

bl s Xy e Sbe K3 s LU Bl

WS 2 gh e Jol bk 4 55

3 g g il s Oy 53 (551 458 s MY

i o e 3 o3l )il S5l s S e Ll S Sl e LG
Bl ol 5168 s s s 5 e Jladl "SLIS S e by b A3l sl oS bl
2 8l VG 1 o5l Dl o ol nl 2 (b (e 51 i el 03550
e e 5 Sl LG 350 53 esle Oyl Sl edel ey 255 = 55l saiY

S35 0l p5 g 4 Llg e ol K5 8 S ey Sl 2558 (855 e
r—“—’

260



:("iJ"’ WA UK 5 ol osls Ol ol o5 abee L BLS ) s

1Y) S
2
U, = ° My
2E
_ |2U,E
Oy = 7
B mv2E
O = v

"o

A S oSl G Bl S S KL dste 5V S5 o b lides Sl L s
250 Jool

Sy S5 mis oS Sl Al "B e Sle 55 a1 sl s dlaily S
Oloa &S 15 Py (Sl L oS ol O g (5 cle 8 mis)ls 4850 L sk
b O Ble Jlie Py Sl 5 oS arsloee LS o sl | gl (S0 51 6 a5 S (655

V?S g.)l..w.> o‘}Lw DL

261



Lilan) LS o olol BCD st 55 b oo B sl a0 Vg s LM o 4 o 1l
35 o sl s Sl 25 ke 13L CD s i 55 BC s s 51(12-17 s

S Sl ads

2 2
o= §mv E 1265 mv‘. E
m 5 AL AL
:))S.lﬁ))jﬁjbdwﬁl{
S e o
2Um.E
On~ v

262



S S o e 2

8y E

3
Il
<

145 3 el g 55 S0 3l ST

ol eslis osle glulS Jse £ @)Lﬁ;u =

3,13 S il gl e 053 4l b e ST 15 -

Slr oS Glosbe wile 53 b a8 4 e s bogla,s gl lal s (b s il ol
AEb als by s (Shs Lbasd e Sk Gl s sl fes

AL ufjﬁ > sl

Al edd atle (S5 ks ool 5 S8 SLeiS oo b losle 51 -Y

EYERNTROC P O Jsb 3 s dm s la i a8 il IS ol glls-Y

oL dlesl Sl 6l 550 5 L8

e 5 Lol e Gl i 80 o o3l 35S (650 05T s i ol Sl s
AL e Jeol SO

PP, 5L cul ol 15 55 G35l S B 5 L AB les Sliis s
S i shtnl Ly o 55 55 2CHC, 2 ey & Sl 4 bl ool &5 oK

(OY=\A Jﬁm)m.f‘_;a kPLP, b L X X,

263



VWA S

O i 5 555 5l Pl & S e 5 3TN K Y S 4 s

e G 52 Py 0k o5 53 5 =S ol Cz’ P, L& o1y bl

(b5 018 e el by el ciline O oas L L &Sl 4 4 55

P, L dauls ) abi 0K 055

X 11 = all' Pl

P,k doulsy ¥ abai 0o i

X Zl: azl' Pl

264



xS elas olas WIS lacob U'i‘ .,\;}.34‘-5»: oloals J,:JU o 2 S Loea &Lﬁc"’uazfall
slaaasiin dacol -l ssd Jlesl Clibj_l 05 sdly L B MCZ,Cl bl s 0
:olfﬂsj..i 35,5 2 P, b S s AB 5
P, LU deulyp) abi O a5

X = aw P,
P, oL daulys ¥ ot 0K a5

X22:azz'P2
Sabed 4 gy JL S By Lo CZ’Cl PE Lol xSl s PN (RS L R
DBT e ool Sl eslial b s 0 3505 C,

)(11= X11+ X12= a11' pl+a12' p2
X2:X21+X22:a21' p1+a22' pz

S il g S G5 Al LPLP, bl s edd plnil IS aloe gl

XY US55 s €, o Sl Py b el o5 53

265



1] (@)

()

Cy o ¥l yuilO) C, s b oy (i)

A Pt
1 1 1 2
5 Pl' X 11 o Pl'(all' Pl): S Pl
2 2 2
3l P2 DU S | s o &al 31 ol X21 o 315! 4.3C2c,5J>- rl.(:,a B F)2 B

Al OF alauly 4wl bl S 5355 0 505 C, abi 5 P, (Sl & Jb ol o

1 1 1 2
2 P X .= 2 Pz'(azz' Pz): Eazz' P.

266



& Py b ki sC, 4B P, b 8 L Olges o il bl ar g L i ol o
b‘)‘) JAS )}Jﬂ.} Pl ‘)L. &l}ut}- U'l‘ J}.b DL .MJ& rl}u‘ )lSj OJ‘D Q&A j.‘.'.‘.’g X12 OJ‘JJ‘

ol iy a el 53 0T Jas g5 Bl plomil IS 5 55 e
Pl' Xi2™ Pl'(a.lz' Pz): A Pl' Pz

Y rl}u‘ u.ibls 03} Cq.>- L

1
U= E(an |:)12 +2 i, P1' Pz Ty Pzz)

xn ’u
A | 1 B
m /—
C; Ce
& ()

(<)

et g T I,

€, &2 uder sbr fu oy ()

€, $hp e b b byl

A At

267



ol L ssd ity Py b ol 5l de 5P, b el e e Jse b A s S)

3550 el oy 255 S5 sl 5 ke (i8S oS il and Sl

U-2(a,,P, +2a,P, P.+a.P/)

RYVRWINIR L 2 SR RIS I vy
di:=dxn

48 s g3 ekl ey le 55 0303 13 (S slene L
3wl O e b el sles C, L3 0l 35l dxls L w g G 52 ok sl OIS S50
o O 1e das o 5l 0 1y ooy ol ool LGy o3 0 50y oty Jb by C, U3 odd
Aol o Sl Jlize 1 4zl ' JsuSles IS
Cose a0 513 L Ay (o sme g3 &S ) losle U L2550 (6551 il s 0581 Sl 5o
e O e 8l Gl el e 5 5 B andd Sl s S Ol bl ol Sl
U 58 55 S8 5SS L U 28 (65 50 amlowe O g oS eslizal (sl 3l
L odslee G LS ) dlee 3 edel s ol 53 sal s Dol 5L 5 o5l
8 OSUSS l o 03500 Iy S OF 51 015l g 42 45 3 sl w15 2y Y e

'JJ'.’°J'€'.’

' -James Clerk Maxwell

268



Castigliano’s theorem ;UK S 425
:P1’P2 3 e sl 0 s 5 L Ll s J St JE b 4 a5
1 2 2
U zz(a11P1 +28.12P1- P2+a22' Pz )

s CprCy ok J b @ by e 6 s 8 @op@yp @ 01 2 S

:ngﬂ.al.i 2
A~ Ao
S o R P S G5 sles
ouU
8—Pl=a11' P1+a12'P2= X1
S e G Py S (ol sl Sl -
ouU
8—P2=a12'P1+a22'P2= Xz

MXJ-Q&AMJ];)‘JE Pn' ...... ,Pz,Pl)\{fﬁ))&%é‘b}bﬁ“ﬁgg}#@
SoA S Grhe Syse 4 Olg e asd (gSesll P 3 b sl s &S, P LU

s 3 S O PJ oL e oile a5 S

G st 5 e G U o &S pleesle 53 Sl LSS 0 Cles oS

S S eslinal 3 dalsy 51 Ol8 e bhoS a5 Cd s (¢l Llas 3515 ;>'<:°"°T

2 (OME-ALY) (SISl 5 T SUL) wdige)

269



SUSKauls o
ou
P,

ouU
(9,—=Wj

oJ
7o,

Xj:

b s (S deils ST a g oo nle SUISUS 4sd donyy OSG ok s 1 ST
:L;.l“w}c,\)b):JL’:»Q\j;p@.sj.irk?d\@)@zwgéﬁfgﬂﬁ\j&}

Y= I2EI

bl ol DL S abd OGSk

jMﬂ

JErop,
Fi Al o 5 A daite ol Ld b & o s N5l ISGze &8 L= 555 02
T e Sy 5 s 4 L 258 (65 e

n

2 L
AE

T

H
N

(sl daslee LB 5 o sem aPjLL 31 aats X Ol Sk

270



_ U _-FL R
P _gl/x oP,

i
5 O it Ol e Sbme sla K 5 Lyl Sl eslinad b syl ol L &S o3l 51 bl s

S >5h o o3l J)%)JO&MWL}L@A\S@:}; JQW.JJ}T@JQJJ‘)W;

S el b el (SIS 5 S

Slabad e IS8 xSl gl ied 4 8 51 3P L 30 Cod bauy Sl aS (6,0 e

Iy

el

4 hear Force

M ament

271



Px? PL®
dx =
< 4E| 48El

VYoV S

ey S 5 lacasd Ol oo cplply (il (g3de S (655 @U Sol 4 axg L

:b)@z)wj}éjjﬂdbwbew O g

C U B i
M:+P—L,.
4
M _L
"oP 4
B CA i

272



M= +P.x,a—M =+X
oP

Y L
A=Y 1 j(Px)(x).dx oL (P—Lj(kjdx
op Ei B4 N4
~13pL°
192El

A s Al > (B 5 g, G L bbb el e A i B OGS
A a8

pslre SR b 5 S O 5o analme gl 550 slal 5 alali )3 oS (63050 53 ) S
4 bl e O S end Sl e 5 S e DL 4 S 1 O AL axdls 5 g
et 3 Ly psbae e OF gl

Sl iy e ob 5 035 S ok 5 O ok a3 S35 Sy 5T SES
Sl 3l anad by Cend a s i a5 G o s S Sadle slasls,l bl 65
D3 eslinal s)5e Jas 53 gl iS4 55 Glass iu e pl 4 s Loy AL

S

273



s o Sl 3 05 U o oS glabe 53 L35S (655 e

Y
-
X
\Y-Y¢ Ji.z
2

du = P“dx
2AE
P=AXxgp

ol o3l OLES L sl3T Glesl 5t el o e e

L

\Y-Yo |

Al S5 s S8 i Olea sl a4y 536 &S S5kl Py,

274



wh+A)=x3, 8
1
w(h+A)= > PA

2w
P=—(h+A
i+ a)

A= [Z—W(h +A)} L

A 3EI

_w
' 3El

N —2A A—2hA =0

A=Ay ++A S +2hA,

Syl 3l SESU <o 4 5(M=0) a0 gLl 31 L slesl s 50k 2 LP L S

h=0
hence, A =2A

:53;3,\)°>L~J;J¢.&j,gﬁmhCw,\;\P)pJ;JmJ>J§\

275



wh+A)=

A=

AZ

A

2w(h+A)

_pL
48El

L3
"48EI

2w(h+A)
A

wL®
48El

st =
—2A4A—-2hA, =0

=A, ++A, +2hA,

L

o

E(21,)

—(PX) ] dx

276



sl G |y el onls OLES eslas 5 pt gowie slas 1]l

L
_ M x
L L
M, X, X
M =R.X, _T+Qx0 1_E for 0%y (X
oM X
%) ol

+J.Mx/L[x( A) x—xh

X

M,Lx M x°
6 6L

277



15T e |y el (glgml s s ldie L3 Jle o

ou _IM M
oM, JElI oM,
M:Rl.x=%x S
oM X
oM, L
H_L(Ml%j(%)d ML
_£ B 3l

Sl g}b:@\oﬁﬂjij obﬁw@goxgdﬂajt}@&b&)ﬂ)ﬁmé\w

1595 058 ol o e 33T slenl Oe oS Ol e

17z(x 2
P= =~ =D .
Q+3 4(L jx o G‘pzl
B) _8Q
1 2 7
(X
~~1%p
{Q+3 4(L ngo} dx
du = >
2{”[%) }E
4\ L

278



a.\.i:a:\bowﬂj)sjﬂ;\ahﬁ&é\ﬂ;’-wbuwlgjlbzdtu
P

279



M =PR - P(R—Rcos#)= PRcosé

@chosé?

oP

A__U_fM_M Rl — i(PRcosH)(Rcose)Rde PR’
" op EI ) El 4El
Ah=?

M = PRsind+Q(R—Rcos#),

aQ
oM

=R -Rcos@

ere sl = s IS s (65

_i pizli _v_F I
=) 2AiEi = 2AE;
ou ou -FL ok

op " op; SAEdp,

S S B A daia@:—hwa [ Jsb 4 cxloKN 51 Kaxe a7 SL = 3500 53 G5 Ly,

U:!
o
10}

Jay A

280



3,V ..
Lio =y gL ) +L =125L
3 3
ZMD=0:>prI—Cy.I=O:>Cy=ZP
3 3
ZMC=O:prI—Dy.I:O: D, =3P
> F,=0=p-C,=0=C, =P
LSLQJJ:’A oj.fd.}txj ﬂﬁ%}bb}hﬁyM’AC,CD )‘}WCoﬁJJw u.’i.::}:l.:
L5 oL~ AD,AB,
SF=0=F,=C,=p
3
ZFy=O—>FAC—Cy=O—>FAC=Zp
> F,=0->F,,=125p

|
F-0=P-F. -1250x—  —F. =0
2R A TEIPT g T e

Z)}JBL;O ?"”‘””“‘:. BD&}ﬁ)‘.@D/OﬁJJuﬁ}JL
Y F,=0=Fy;=0
Fop =P

Fac = %p’ Fap =1.25P

U= (FCD)ZICD + (FAC )Z'IAC + (FAD)zlAD Zlﬂp(AX) — 16875,02'—
2AE 2AE 2AE 2 A AE

(AX), = (3.375)%

281



P-

U

:&gm|mﬁ§w&,>};u@6@>ﬂl§
?b@)éahisﬁﬁéu‘gﬁldm
K e as S a5 Skl s lad sgze Olse 4 baala o ool 34 5 slag s

X=b o0 s o0

- “y
P, FigF
A
P

Y=l o,0 s 6,0

(@B Slly 5o by, Jolad 4 e 5L

X—-2Ycosa=0

(p—X)

2C0S

S5 Al B glaals s S a5 35U, 5 bl gladdes 55 IS a5 55U, S

Bl et JS S oS

:U1+U2:(p Xj L X°L

) +
2cosa ) AEcosa 2AE
-0 LS)L"*"XE'*"")'.’Ul ngf‘d:;&a.l@bm\iu)b@o aﬁé‘)d&nwé‘;\

282



N _, U, o
oX o0X oX

“‘)“MJQMLSJJ“@L&\W)J X@E‘jo)\.);\étsrfs;;cww%ﬁw&

FEls el 5 s g |y ol U s w B oole s S

(p-X) 1 XL

- B +—=0
2cos“a AEcosa AE

Y L
1+2cos’a

S a8 5 5 g0 alie Vil Ol 85 o sl L) ds SO slyls aSTlas gazes 8 5590 53 ez
338 g0 S o5 (S5 00 e S e LS e ) S5 5
SEle o 655 OF o3 e 8 5550 1o S 5 sl AESE (S8 s ool o sllaer L

sl a3 S 13

NN

I v e 2033 i4d
| %6 I

B

U _'L[[RX —qx?/2f dx
s 2EI

283



K151, ol oSS gla, 58 L lag o LSS asd 5l eslinal b los Lo opl ulusl
Jool 3 eslinal 5 oS o tlons a8l 2 U O 51 ey oS 0 8 0 5
pyh e J Wl Blol lads Lo 5 LUK k5 05505 3l

1=l

G 53 50 LallasS 5l (G 0o (BLSI 5 )

e JL L oBasS 03 Y

5 eoke Y

FHNCNERICEISS

AT 5 50 Ll 2 5l eslizal -0

(el o sllas

el ool OLES L5 bau g abadl (63 ses 5t 1Al

N

HHH%M{’;HHH

B

284



2
(ﬁ—RuQ%—CJ

2
R+q,.L+Q
L 2
L 2 2 2
=J‘£M_ X:i I Rx_q'x dX
) 2" EI 2EI |4 2

. —_— =
EI\ 2 2 3 4 3 2 4

|3

A, =—[0.355q,| — 0.833R]

8EI
3
R = g qO L
4
A, =0.0055 qOIL

285



(@jQﬂ’:g __at
ocJ)lc=0 "  192EI

8 C
CD DL
oM
M =Q.y %:
BD DL

2 2
M _
aQ
w2313 e Q sl 4 M Sle s oS il wdls bl 4 b
M oM t(0) 1efgl. gx
A== Z=dx=2|(y)dy + = || =x———|(H)d
J.EI aQ X -([EI(y)y+EI-([ 2 X7 (H)ox
_gHP
12Kl

286



"JUJQ&MPJ-’W 6};:354255&4& skl jbjbji»i&lkx Slodees aluor e
Jolie 831 sla fandl (So aculone sl O gllae S loos 1, Pdsles 5,0 5355 o

:Péjj:jjﬂ‘_}wrjl}ﬁ:'-«.élﬁb\p

v
il

2 My =0

M :g(R—Rcose)—HRsinH

™M =—Rsing and ,o<6?<Z

oH 2
s oA M _Ou
=rE T 5Q  oH

3
= A, :a—uzij[ﬁ(R—Rcos)—HRsina}(— Rsin@)Rd o
oH ~EIj2

T

3 >
R3sin9d9+jg.R?’sinecosedmjHR3sin29d0 -0
0 0

O [ N

N

2
EI

T
Il
EHRSY

L;jjg;\&.avjts}?o;;\.)ﬁ PN

287



M

g(R— Rcosd)—H.Rsing

M =£(R-Rcos8)-£Rsing
2 T

@:%(R_ Rcos@)—Bsine

T

2
A= Zji(g(R —Rcos 0)—@sin 6’)(%(R - Rcos)—Esin HJ.Rde
T
0

A i s e Kl -l

Cd ks Jsb il -

87

\
3,10 5,5 AB Ll ,s Angular Rotation gle 515 ol s 5 gt 4 ol S5 LG

M = MA—g(R— Rcosd)

288



_S:if,ﬂ::%:A:

|Rz=2 F;(1 cose)}Rdé?

T

PR®
12EI

289



A 1l add (S MSLL (soled o 4 D0X 40 Jlars ahaie L sde o 53 O i

i S b s s ol lp Ol e &S Jsb Slas asl Y Mpag e e el
LS Cla>

oyp =230Mpa = ..ls 4>

E =200GNm™

lino - 3,5 o3lizel Jsl sl 31 0lyn & b3«

= bh3 (30)(40) = 2.67x10°mm*

min

5
\f 267x10° _
(40)50)

7%(200x10°)

230x10° = : =1=1.065m
(116)

_ m’El
|

_ 7%(200x10° 10 [2.67 x10°)

1o f —132kN

P, =132

132x10°

_132x10°_ eonip
% = (40)50) a

.Jj,inb@éj:;il;&wéjf Lyl o b bl s sl =5l 13

290



P, =—

I
o = 7°E
cr (I/r)2

P ‘)X)jm J\.’j.&& J)\jAB Qj;'.wj.swu\...ﬁ)jzn LSJ\jAP:gOkN

S sl

1S By e Jgb op 2l

e =6mm-sl
e=12mm-_
w=200x22.5 |, =20x10°%m*, 5, =194.2_ .1, =836,
A =2860mm’ |, =1419x10° ,,5,=278 ., =223
Ges=0 =206
lg=b=102mm Orex = Oy = f{u i—fsec(\/g.lzﬂ
)L el s=8mm
010, - 298062103 N |, , 0006, x0.05L, Sec[ \/ 99NO><10N3_ ! ]
x 10 0.0223 200x10° N x1.49F x10%n "2
1;;5:(? = Sec(0.2815L )
L =4.1220,,
L=230,,, <e=12

meter meter

291



Aoas Je= 1 900kN 5. DLl 45 G Jib oo s

U8 4 Ol ps b S LYormm s Gee b s b S5 0 =200g5,,0, =350,
S ol s

&, =350,

E =200,

P =900kN

_27°E 27°2004,
oy 360y,

CZ

=106.2

('“*Su"’ Ol |y calies gla 5 -
Wasass s blisl 5

A=7420 ,,r, =503, L, =45,

L_ 45 _gossc,
r  0.0503

L

r 8946 45

C, 106.2

C

FS=24 §(0.842)— 1(0.842)3 =1.001
3 8 8

350,
1.91

Oan =

{1—%(0.842)2} =118.29,,

P =118.29,,, x 7.42x10 °n: =878,,,(900,,
LS Jams 1,900, 15 o ol by

A=8580 ,,r, =511 L, =45,

292



L_ 45 _gg0(c,
r 00511

L

1 880609

C, 106.2

FS=2y4 §(0.829)— 1(0.829)3 =1.91
3 8 8

350 1
Oan == ngF’a {1— 5(0.829)2} =120.28,p,

P,, = (120.28,,.,) % (8.580 x 10 °n? ) =1032,,, Y900,

30k 53 eSS Qv JLodge S LIS o

AL 075,

ol o ke

e Sl 25 (o € S0 5l po (A
B, = AB
D, =35
P = 90kN

Y = (Deformaton),wntrecl.point =0.75,

E =200, ,e=?,0=?,selling :

A= 7{(3%)2 =962.113

293



7w x(35) \
I=2(r)' =2 = | =73.662x10%m:
4 4\ 2

le =0.75, =750,

E = 200,
2 2 -9 4
p A7 (2004, ) 73.662x10°s ) _ 956 48N
le (0.75)
Yax = € sec P -1
2P,

0.75,,=¢€ Secf‘/Lkn -1
2 \ 258.484kN

— e[Sec(0.9269) -1} e =0.001127,

53,5 0l 0bsly w5 sl OLS
P =90KN e =1.127mm d,=0-75mm,

M = P(y_+e)=90x1(°(0.00075m + 0.001127m) = 168.93N.M

_P MC
Gm A I

_ 90KN N (168.93N M )(0-03% m)
962.113x10°'m°  73662x10°m'

On

O, = 93.34MPa + 40.13MPa =133.7MPa

294



a:@\bﬁ‘_;ach; stb‘)"b)jm)w‘dj:*‘w“)}’“ LS)‘}A LS,))""’)L’)S“E}
O §55 2 Sk O i ()

(0550 OV o JS5) g 55 pm SLo 25 (0

E =200GPa P =265KN e =20mm
c= % =102.5mm A=7550m )’ W 20059
S,=199x10’mm’
|,=204x10"mm’
E = 200GPa
r,= 51.8mm
E = 200GPA

L=, =6.6m

7T | P
=g sec— | ——
ym [ 2\ pcr }

2 2 * -6 4
Per = ”LE' - (ZOOEpg)(gMZ 10°M’)_ g4 426k
e .0m

P =256KN,e =—-20mm m;ucﬁ

o :% 1+e—i8ec% P
ry pcr

295



256KN (0.02m)(0.1025m) . 7 | 256KN
- 755*103m2[1+ (0.0518) >*2 Va22.426KN }

=75.3Pa
E=12mm W250*58 E=200Gpa
if yrnax =15mm=P="?
O =
A=7420  ;.s0=252 o> =203
Olr Culbes =A  Culbis =\T,0
| =87 |,=18.73
S, =690 S,=1845

r,=1085 r,=503

EI
Le

b T **200Gpa*18.73*10°m’
’ (6m)

Y= e{Sec% Pi —1} = 0.015m = e{sec% Pi _1}

cr

[P P
0.015m=¢|sec”/,, . |——-1|=>Sec”/, | —=2.25

P = ¢sP=5/3Kn

oorfesifE

203mm

P.="% L.=6mL=1873*10"*mm’

=1027KN

C= =101.5mm

296



o= {1+ W}(Z.ZS)
" 7420mm’| 0.0503

O-;LL = cte

L =11

(d¢b),b*d

K. 4

- 11 1
OaL~ 0O _g

K
MJJL)-:*-’LMC )Jb% K’)‘MOTJJS
2
r E 0.3E o
OaL™ L ZI(L )Z ‘bﬂ@%<50
2.14) — A
r
K =O.671\/E/
GaLL
O = (GL3) o S5l e sl ol 25
dsfwbyjoujsjb)\@w SeE3 g el
Cdb 5 b¥d Jates whaie L) 1oy 2550 53
O<%<ll GaLL:G;LL eujs 6‘_,50};“_
4
"
/ 1 .
M7 Ou=Oaul 173 K L st a0 g _

K<%<50 UaLL‘(%F iy sl st
d

297



Ad 5w gie 50UsS Slg i o 5y

Lo 50U sS Glesim S

L/ = L
(=1 Lt

L L
115450 L Lt

Ll 5 Lo st 5 oUS Sle s G 50

ol A 0K = 0,671 LK =
O-aLL

ool Lo g2 O g LK =

O, = 250Mpa S| ol by 5L a Ogi s & ek 03ls OLE slate o sl
L. =9.6m (<&l 81 558 0 s3bms ol o shas E=200Mpa
|_e =7.2m (<

A=175-159 =5344mm’

=2 0175'-159)

- 24.8968*10'mm’

_ [ [24.8968*10°' MM’ _; 6
r J’T\/ 5344mm’

o, = 250Mpa ,  E=200Mpa

298



2 2
E 200Gpa
0 O 250Mpa
y

(W], =96

L_ 96 _ 140.65) C,

/ = =
r 0.068256
(..:Sda oslaal \AV QW‘ g_,_ipr L: 955)‘ @b )‘
2 2
E 200Gpa
| P— : ;;(;-40 25))2 = 51.97Mpa
oo Le| 7 '

r

P...= 0 A= (3197Mpa)5,344*10°° m’)=278KN

(‘:) Le =12

Lo 72 o549 12566

r  0.068256
L/

r 10549 (oo
C. 12566

F.S :§+g(0.8395)—%(0_8395)3 ~1.907

_ L% .
O,y 1_% C: _ 250Mpa {1—%(0.8395)2} _ 84.878Mpa

OaL” Fg ~1.9075

P... = 0. A= (84878Mpa)5.344*1 0" m’)= 453.6KN

w200*41.7 A=5320mm’
d =205 b =166 t, =118 t,=72

299



|,=40.8*10'mm".S,=398*10'mm". r, =87.6mm
1,=9.03*10'mm".S,=108.8*10'mm’ ., = 41.1mm

6
I=1,=9.03*10
r=r,=4L1mm
C :? =83mm

|_e =2.L=2*1.8=3.6meter

o, = 3250mpa, E = 200*1 0" Pa,e =15mm

Q_ 36m
r 0.0411m

ec _ (0.015m)(0.083m) _ 0.737

r (0.0411m)

QJ;M_QB.-J:_B\\,T\”JQZ@‘&;,-)S\{ E =200Gpa jay=25o O

87.59

P _110MPa
A
P = (110MPa)3320*10 “ m’)

5852

PaLL —5 = 2348KN

SF 2k

Amin =? G,aLL = 1OMPa

o..=10MPa  G=12 Gfa, A=(’

K =0671 |—7— 067172002 _ 9394
Vo' 10MPa

300




f =200KN
|_e =4.8m

0.3E

200KN  0.3*12GPa

GaLL:(%)Z: d2 (48m

d

d=1.28*10"

d=189*1 0" =0.189m

L_ 48 _ 25.38

d 0.189

p = 250KN

i

L
K(S(50 =25

Ssad eslinal d=0.189 31 o) Ll

. [U [daz | d" _\/d_z_i -
A=( ,r_\/;_ d2 _\/12d2_ 12_\/E,|_e_500mm

]5_ 0.5m  1.732
r d/viz d

OaL™ -2 2
A d d

O = [212-1585(L7 )|

2

_.d _41%10°
12 V12

25;103 _ {212 —1.585(%)} =d=41%10

301

12<%<55 YO



Q: 0.5m _ 4181

r11.96*10 m

C_,.w‘ G}up eJ»AT C,\.w.)u ub?- LJ'M')- 12<%<55 Q)P;

s E=12Gpa ,SI. | ,=25m js» Jsb 5 120mm*180mm gt v s O

S bob 4 Py el gl e Sl 25 25 Sl sl L g, =10MPa

_dle=12mm
_—e=24mm: |~
E=12GPa,5’  =10MPa,| =2.5m

|,-15(20)(180) -58.32*10°mm'

oL
¥ 12

A=(120)(180) = 21.6*10°’mm’

K =0671 |- — 0,671 |225F2 _ 534
Vo' 10MPa

Q 2:5 =20.8
d 0.12m

(120)(120) = 25.92*10'mm’

p o1 /d

OaL=0 aL 1_5 K

o.. = (10MPa 1—5( 208 j =7.8MPa
3 23.2

302

. ll(%(K Os



Slme L2350 )
P Mc
K+I—XSO'aLL

L=+, (120)(180) =58.32*10°

P N (0.012P)0.09m) <78
21.6<10°'m" 58.32*10°'m"
p <121KN

Y > se=24mm 5 M =0.024P

p = 94KN

Aol e wtle 9 =42si S S L plSoual 5 55 N sk 4 slabaidls
SSloss Ol dee ol o g L 100in—-1b Jsles 55 (5 50P (6,0 5L dles!
bl ¢ alen Olabl o 5 oS (655 ahe Jhb o el O glle 550 55 E=297]()

L3l Jslee adls IS5 S8

P=g,*A= 42000(%)d "=32986d°

u-PL_ (329862)2*(6*12)
P 2o %)9l2g40)

=1719.784d"J

U=F,*100j=1719.784d " =6*100
d=0.59066in

303



d:,ojsd\cmﬂ\ﬁ\ﬁral{p);oximbowBC 5 AB als 55 e Cdls il
C ot s (Ll ol Ogllas ol onls QLA (6,108 ,L ol Ll ol g g B 4k

Lie=Lec=C

EI = conotante
]
2Mc=0=
F,*L=F,*L
—>F,=F,=P
M=P,

Wl
><w

0
—

w
o8
—

304



h hms. ¢ ;
1200hms,3500hms g SS ol sl

1200hmsQ =S oo sl

around2.0 =S -, 2ul , 5SU

DS sS s R S8 b 55107 -107  eber sbas,lS s o 55
(s o OLLS 54

dER=S.€a Lol S &Sk

drR
Sg:ﬁ .J.J'&c‘)u‘ G}ﬁASMLdac:fwﬂ‘)jsudw

&a
Al e Sl 53 d.:.;;g;?ﬁﬁmg;ﬁjm

baclcing materiel (plastic) « s 2 » JLawmetal foil ~S .-

i S 6 S eIl Cgr (O5nd ) B sl 31 eslanal oY

dR=RS. ¢, =(1200)20{1 01010
I.L:dR =0.000242t00.240
Aed S S s tAR slie : WY 51 S

ﬁyusjy#j@‘ﬂdj jw‘g ng:feju_,l)\)..l

_ RlRS_R2R4 * —
V'R RIR+R) Vi
582 LS;:S/UW‘ Sl Ll s
dly:SG'ga

305



édﬁﬁ“ﬁ*ﬁ“wk%rb= Sg ZQIJJAS

e

a

Soe 5=
Coslie s = ARG

ailir A3l oY ssdome § e 3k Ol 5 ARG oo an G skl
9 =
M
Ol 5 b s s OF (6 S 3101 g 10 ol S o8 L (305 s AR L2 ot

«s 1sb . Wheat-Stone Bridge o sy b Jie 51 6,8 g Joss onPslie 5 ges fes
253 03l 2 0T s o531
&
b S o gd s o)
Sl Ol Oy b Y

,\.‘.SJAL}.Q.;JL{:M oS Kalen Il Olgie 4 55 2

306



CV=Constant voltage

EAB = Ri'il
EAD = R4'i4
E:=Ew=EsEwn

_ - . __ L
E=RRJi - g
_ . . __E
E-ReRli» i-m o
E.=R.* E -R. £

R+R. "R:+R.

_ Rl(R3+R4)—R4(R1+Rz)]
E, E[ R+ RJR.+R.)

Rl Ra_ Rz R4 Ei
R.*RJR.*R.)

E.=

307

PSS L

:in.au_éjlaj\



Tl dslaze 2eds sle Sl sl

Eo:O_) R.R:-R:R.
o R1R3: R2R4

R~ R+AR,
R.~R.*2R, = E, > E,+AE,
R.~>R,+AR,
R.~R.+AR,

[t YAR_AR. AR, AR.
*Es [(1+r)2][ R._R R R JE

AEf{(lir)ZJ[ARFﬂE

Dlde Gl

29,5 & Luss
_AFE, :u>.9J>

E

(1+r r)

(5 lo 5 ool S5 Jow ) e ama ¥ 51 ol )

SYTAR, T 999 © b

R.

(ﬁjwéuéjdﬁf*“éﬁij\ﬁdw) 0 Adé;.na'“fa £9Y clagsl Y

3 g oo osliial X551 @idf.ﬁ\s@uﬂp olas L3 0Ly (slgmaslie 51 Y yoma Y

308



Cc=Constant current
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